Abstract. For a coalgebra C k over field k, we define the "coalgebra extension problem" as the question: what multiplication laws can we define on C k to make it a bialgebra over k? This paper answers this existence-uniqueness question for certain special coalgebras. We begin with the trigonometric coalgebra, comparing and contrasting it with the group-(bi)algebra k[Z/2]. This leads to a generalization, the coalgebra dual to the group-algebra k[Z/p], which we then investigate. We show the connections with other problems, and see that the answer to the coalgebra extension problem for these families depends interestingly on the base field k.
Introduction and motivation
By definition as a representative coalgebra, the trigonometric coalgebra is merely the dual of an algebra, as defined below; it does not naturally, nor conceptually, come equipped with an algebra structure itself.
It was thus not obvious, a priori, whether it possessed any bialgebra structures. The answer to this question, while again elementary in nature, was surprising (see Theorem 1 below) that it should depend on the base field, and on the dimension of the trigonometric coalgebra, i.e. 2, in such a natural way. It was in attempt to replicate these numerical coindicences for higher numbers which led to the proceeding sections of this paper.
We may hence summarize the following sections as such: section 2 solves the coalgebra extension problem for the trigonometric coalgebra over arbitrary base field (or base ring, more generally); section 3 reveals an elegant, yet not entirely surprising, connection with the group of units of a specific group algebra, and a natural connection thereupon to the finite Fourier transform. This coincidental observation is what led us to make the generalization pursued in section 4. It should be noted that the construction pursued here is merely an obstruse reconstruction of familiar Hopf algebras, and that Hopf algebras of dimension p in characteristic p have already been classified in [2] , generalizing the well-cited Kac-Zhu theorem [4] .
The trigonometric coalgebra
Let k be an arbitrary field for now. Recall the definition of the trigonometric coalgebra C k : it is the 2-dimensional vector space with basis vectors {c, s}, with coalgebra structure maps:
The definition is motivated from the trigonometric angle-addition laws: when k = R, C R is the representative coalgebra associated to the 2-dimensional representation of the circle Date: December 27, 2018. 1 group S 1 as rotation matrices (for more general constructions see [1] ). The linear span of the matrix coefficients of this representation has basis {sin, cos} ⊂ C ∞ (S 1 ), identifying C R as a vector subspace of the function ring. The structure constants are integers, and hence the definition makes sense for an arbitrary field (or ring). A natural question to ask is: is C k a bialgebra? Theorem 1. Whether C k has a bialgebra structure depends on the ground field k. When char k = 2, bialgebra structure constants are in bijection with k. When char k = 2, if √ −1 / ∈ k then C k is not a bialgebra. When char k = 2, √ −1 ∈ k, there are two isomorphic bialgebra structure constants on C k .
Proof. If C k is a bialgebra, it must have grouplike elements. Checking the general element αc + βs ∈ C k shows that it is grouplike iff α = 1 and β 2 = −1. Thus we can write
Hence if k is a field for which √ −1 / ∈ k, then C k cannot be a bialgebra. If √ −1 ∈ k and char k = 2, then |G(C)| = 2 and we have a basis for C k consisting of grouplikes. Thus C k is isomorphic as a coalgebra to k[Z/2], and bialgebra structures on C k are in bijection with coalgebra isomorphisms with k[Z/2], by transport of structure. Thus there is one isomorphism type of bialgebra structure on C k , but not necessarily one multiplication law (e.g. set of structure constants). Coalgebra isomorphisms φ :
are the same as bijections of their grouplike elements. Making this calculation more explicit, let us write |0 , |1 for the elements 0, 1 ∈ Z/2, thought of as elements of k[Z/2] (to prevent confusion and notational overload: e.g. |0 is the multiplicative identity). Then there are exactly two isomorphisms φ, φ ′ : C → k[Z/2], defined by:
The multiplication table associated to choosing φ is thus:
In the basis of {c, s}, the multiplication table for φ reads as:
The multiplication table of φ ′ corresponds to conjugating the right hand sides of the above (i.e. i → −i); we could not hope to give a better conceptual explanation than [3] for this appearance of an action of a Galois group. Now consider the case that char k = 2. Thus G(C) = {c + s} contains only one element, so it must be the identity if C k is made a bialgebra. Since ǫ(c) = 1, co-unitality implies c 2 = c + Bs, B ∈ k. Now because ker ǫ = s is a two-sided ideal, and any two-dimensional algebra is commutative, we altogether have: Remark 1. It is known in general there are three isomorphism classes of two-dimensional Hopf algebra in characteristic 2 [1] . The identity map serves above as the antipode, so we have given a natural construction of the two non-group algebras, and shown they have underlying coalgebras isomorphic to C k . This latter fact is already clear by the solution given in [1] .
Remark 2. The computation G(C) = {c ± is} brings to mind of course, Euler's identity. And this brings to mind (see [1] ) that the grouplike elements of the commutative bialgebra of functions on a finite group, k(G), are precisely the one-dimensional characters of the group.
Groups of units in group algebras
To generalize the trigonometric coalgebra and the above numerology to dimension and to characteristic p, we proceed along the following lines: × is the complement of the augmentation ideal ker ǫ, since this ideal coincides with the Jacobson radical of the ring.
Under the isomorphism φ : C → A, constructed in Theorem 1 in the case that char k = 2, √ −1 ∈ k, we see 2c → |0 + |1 , 2is → |0 − |1 . Thus in the non-modular characteristic, the basis {c, s} with which we define C k , bears an odd relation to the group of units of k[Z/2].
We now have phrased a question which has an easy-to-answer generalization in Z/p: what is the group of units of A = k[Z/p]? And does it lead to a natural coalgebra structure generalizing C k ? The answer is yes, but we will work over non-modular characteristic to construct it.
Let us temporarily fix k = C for simplicity. If α 0 |0 + α 1 |1 + . . . + α p−1 |p − 1 ∈ A is a general element, we wish to solve in {β i } the equation forms an orthogonal basis). We will explain the normalization factor of ⊂ A = C[Z/p], naturally associated to A × . We will write the comultiplication of the group algebra in this new basis, find that we have integral structure constants, and hence we can define a p-dimensional coalgebra C p over any base field k. Although this coalgebra C p is defined by a change of basis inside C[Z/p] when k = C, we shall find that it is no longer spanned by grouplike elements when k does not have primitive p th roots of unity, and in particular when char k = p.
Written in matrix notation this is
    α 0 α p−1 . . . α 1 α 1 α 0 . . . α 2 . . . . . . . . . . . . α p−1 α p−2 . . . α 0     ·     β 0 β 1 . . . β p−1     =     1 0 . . .
The circulant coalgebras
Proposition 1. In C[Z/p], the basis F i defined above has structure maps defined as
Proof. Apply ǫ to the definition of F j above. As for ∆, observe
k=0 |k e 2πijk/p and p k=0 F k e −2πijk/p = |j . This is the Fourier transform and its inverse for the abelian group Z/p. Apply ∆ to the latter equation and insert it into the former.
Remark 4. Now we explain the factor of 1 p in F j . Without it, the right hand side of the equations for ∆, ǫ would be multiplied by p. Thus we would still have integral structure constants, but they would be 0 when we change the base field to characteristic p, hence they would not yield a coalgebra. Of less direct consequence, this also has the effect of moving the 1 p factor from the inverse Fourier transform equation to the Fourier transform. Thus over C it is akin to the decision in the usual Fourier transform of placing the factors of 2π with the momentum space or position space integrals, but in characteristic p this normalization constant becomes 0. Now we let k be arbitrary again. Definition 1. Let C p k be the p-dimensional coalgebra over k, defined by the basis F i and comultiplication/counit as in the above proposition. We call this the circulant coalgebra, since it reflects the symmetry of the circulant matrix in the FFT above.
Observe that this coalgebra is nothing "new": it is the dual coalgebra to the algebra k[t]/ t p − 1 . Note that C
